Abstract. We prove that on separated algebraic surfaces any coherent sheaf is a quotient of a locally free sheaf. This class contains many schemes that are neither normal, reduced, quasiprojective or embeddable into toric varieties. Our methods extend to arbitrary 2-dimensional schemes that are proper over a noetherian ring.
Introduction
A noetherian scheme (or complex analytic space, or more generally a locally ringed site) has the resolution property or enough locally free sheaves if every coherent sheaf M admits a surjection E ։ M by some coherent locally free sheaf E (also called a vector bundle). For an introduction to this property we refer to the seminal paper of Totaro [Tot04] .
The aim of this article is to prove the resolution property for all separated algebraic surfaces, generalizing a result of Schröer and Vezzosi who verified the resolution property for normal separated algebraic surfaces [SV04] (see Theorem 5.1 and Corollary 5.2). Our methods extend to arbitrary 2-dimensional schemes that are proper over an arbitrary noetherian base ring, throughout denoted by A.
Unless stated otherwise all schemes are assumed to be noetherian. The word surface refers to a 2-dimensional separated A-scheme of finite type.
It is known that a scheme satisfies the resolution property if it has an ample line bundle, or more generally, if it has an ample family of line bundles; that is a family of invertible sheaves where the whole collection behaves like an ample line bundle (see [SGA 6 , Exposé II, 2.2] and [BS03] ). This includes all schemes that are quasiprojective over a noetherian ring and all Q-factorial schemes with affine diagonal [BS03] . The case of regular, separated schemes is also known as Kleiman's Theorem [Bor67] (independently proven by Illusie [SGA 6]).
There exist regular algebraic schemes that do not have the resolution property [SV04] . However, they are not separated because they do not have affine diagonal. The latter means that the intersection of two open affines is affine which is a necessary condition for the resolution property to hold by Totaro [Tot04, 1.3] .
The situation is different in the analytic category. Schuster showed that every smooth, compact, complex surface satisfies the resolution property [Sch82] whereas it fails for generic complex tori of dimension ≥ 3 [Voi02, A.5].
Starting in dimension 2, it can happen that a scheme has no effective CartierDivisors or even no non-trivial line bundles at all [Sch99] . Therefore it is not possible to construct locally free resolutions by invertible sheaves, in general. The lack of control for vector bundles of higher rank makes it difficult to tackle the resolution property for singular and non-projective schemes. To the authors knowledge, it is not known if there exists a scheme with affine diagonal that does not have the resolution property. Even the case of normal, toric, separated, algebraic schemes of dimension ≥ 3 is completely open [Pay09] . By our work we seek to give a clarifying picture of the resolution property for separated schemes of dimension ≤ 2.
The paper is organized as follows. In the first section we shall investigate quasiprojectivity of large open subsets. Given a separated A-scheme of finite type we prove that every point has a quasiprojective neighborhood whose complement has codimension ≥ 2 (Theorem 1.6). This is well-known if X is normal [Jel05] . Indeed, since X admits only trivial finite birational covers in that case, this is a consequence of Chow's Lemma and Zariski's Main Theorem. We will deduce the general case using Ferrand's pinching techniques [Fer03] and deformation theory of vector bundles [Ill05, 5 .A]. Consequently, every coherent sheaf is a quotient of a coherent sheaf which is locally free outside a closed subset of codimension ≥ 2. Restricting to surfaces we generalize the gluing methods of Schröer and Vezzosi in Section 2 to construct locally free resolutions of coherent sheaves that are already locally free outside finitely many points of codimension 2. The cohomological obstructions appearing here lie in second cohomology groups of coherent sheaves. In order to control these, we study in Section 3 a partial cohomological vanishing condition for families of coherent sheaves E n , n ∈ N, on a proper scheme X of any dimension. Given an integer 1 ≤ d < dim(X) we call (E n ) d-ample if for every coherent sheaf M the groups H i (X, M ⊗ E n ) vanish for all i > d. Here our main result states that (dim(X) − 1)-ampleness is preserved and reflected under pullback by alterations. We use this in Section 4 to construct a 1-ample family of vector bundles of rank 2 on an arbitrary proper surface. In the last section we collect the preceding results to prove the resolution property for a large class of 2-dimensional separated schemes.
Finally, I thank the Deutsche Forschungsgemeinschaft for their financial support as a member of the Forschergruppe 790 "Classification of Algebraic Surfaces and Complex Manifolds".
Thick quasiprojective open subsets
The aim of this section is to provide an existence result of thick quasi-projective open subschemes of a scheme X that is separated and of finite type over A (see Theorem 1.6). Here we call a subset V ⊂ X thick if it is open in X and codim(X − V, X) ≥ 2. Clearly, the finite intersection of thick subsets is thick. If
We will frequently use birational auxiliary schemes Y that are quasiprojective over A and are endowed with a birational map Y → X. Let us call a morphism of schemes f : Y → X (U -admissible) birational if there exists dense open subschemes U ⊂ X, f −1 (U ) ⊂ Y such that the restriction f U is an isomorphism. We start with a sequence of preparatory lemmas.
(1.1) Lemma. Let f : Y → X be a birational morphism of finite type of locally noetherian schemes. Then f is quasifinite over all points of codimension ≤ 1.
Proof. Let x ∈ X be a point of codimension 1. By applying base change with Spec O X,x → X we may assume that X is local of Krull dimension 1 with closed point x. Moreover, we may assume that X and Y are irreducible by a second base change. Let y ∈ f −1 (x) a maximal point. Then dim O Y,y ≥ 1 because y cannot be a generic point of Y , whereas 0 ≤ dim O Y,y + deg. tr k(x) k(y) ≤ dim O X,x = 1 by [EGA IV 2 , 5.6.5.1]. Consequently, holds deg. tr k(x) k(y) = 0 which shows that f −1 (x) is finite and discrete.
(1.2) Lemma. Let f : Y → X be a quasifinite map of finite type of locally noetherian schemes.
(1.3) Lemma. Let f : Y → X be a proper birational morphism of locally noetherian schemes which is U -admissible for a dense open subset U ⊂ X. Then f is finite over a thick subset V ⊂ X containing U . 
we conclude that f is finite over X − Z.
(1.4) Lemma. Let f : Y → X be a proper birational morphism of locally noetherian schemes which is U -admissible for a dense open subset U ⊂ X. Suppose that O X,x is normal (equivalently regular) for all x ∈ X − U with dim O X,x = 1. Then f is V -admissible for a thick subset V ⊂ X containing U .
Proof. By Lemma 1.3 we may assume that f is finite by replacing X with a suitable thick subset. Then for all x ∈ X with dim O X,x ≤ 1 the map O X,x → (f * O Y ) x is an isomorphism. This is obvious if x ∈ U but if x ∈ X − U then O X,x is normal by hypothesis and the assertion follows from [EGA III 1 , 4.4.9]. Thus O X → f * O Y is an isomorphism outside a closed subset Z ⊂ X of codimension ≥ 2 and it follows f is an isomorphism over X − Z.
Recall that a scheme is called an AF-scheme if every finite set of points is contained in an affine open neighborhood. This is also known as the Kleiman-Chevalley condition [Kle66] and beyond that related to embeddings into toric varieties [W lo93] or toétale cohomology [Art71, §4] . It is always satisfied if there exists an ample line bundle [EGA II, 4.5.4]; for example, if X is quasiprojective over a noetherian ring. The converse holds for proper, smooth algebraic schemes (see [Kle66] and its generalization by Wlodarczyk [W lo99]) but not for non-normal schemes.
(1.5) Remark. Suppose we have a finite, birational map with schematically dense image of noetherian schemes f : (1.6) Theorem. Let X be a separated scheme of finite type over a noetherian ring A. Then every point x ∈ X has a thick neighborhood x ∈ V ⊂ X that is quasiprojective over A.
Proof. Assume first that X is reduced. Let x ∈ U ⊂ X be an affine open set. By enlarging U with disjoint affine open sets we may assume that U is dense. Then by Nagata there exists a U -admissible blow up f :
By Lemma 1.3 we may assume that f is finite by replacing X with a thick subset. Moreover, f is birational and has schematically dense image. Let Y ⊂ X be conductor subscheme of f . Choose a closed subset Z ⊂ Y such that Y − Z ⊂ Y is a dense, affine and hence a quasiprojective open subscheme. Then codim(Z, X) ≥ codim(Z, Y ) + codim(Y, X) ≥ 2. So by replacing X with X − Z we may assume that Y and X ′ are quasiprojective over A. In light of Remark 1.5 we may therefore assume that X is an AF-scheme. In particular, there exists a dense affine open neighborhood x ∈ U 1 ⊂ X that contains the finite set of points z ∈ X of codimension 1 with O X,z non-regular. So by repeating the previous arguments with U replaced by U 1 , we may assume that for all z ∈ X − U with dim O X,z ≤ 1 the stalk O X,z is regular. But then f is an isomorphism over a thick subset by Lemma 1.4.
Let X now be arbitrary. Replacing X with a thick subset we may assume that X red is quasiprojective over A by the special case. By removing closed subsets Z ⊂ X − U with codim(Z, X − U ) ≥ 1 we may assume that X − U is affine so that (1.7) Corollary. Let X be a separated scheme of finite type over a noetherian ring. Then every finite set of points x 1 , . . . , x n ∈ X is contained in a dense affine open neighborhood as long as x 2 , . . . , x n are of codimension ≤ 1, .
Proof. By Theorem 1.6 there exists a neighborhood x 1 ∈ V ⊂ X that is thick and quasiprojective. But then also x i ∈ V for i ≥ 2 since codim(X − V, X) ≥ 2 and the result follows using that V is an AF-scheme.
The bound on the codimension in Theorem 1.6 and Corollary 1.7 is sharp because there exist irreducible algebraic surfaces having a pair of closed points that do not admit an affine open neighborhood [Sch99] .
In the proof of Theorem 1.6 we have seen that up to a closed subset of codimension ≥ 2 the scheme X is the pinching of quasiprojective schemes. The following example illustrates that pinching may destroy many Cartier divisors, so that X is a priori not even divisorial ; that is, the complements of effective Cartier divisors define a base for the Zariski topology ([SGA 6, Exposé II, 2.2], [Bor67] ).
(1.8) Example (A non-divisorial proper algebraic surface whose normalization is projective). We work over an algebraically closed field k, say k := C for simplicity. Let E be an elliptic curve and consider the surface X := E × P 1 with projections p : X → E and q : X → P 1 . Choose distinct fibers E 0 and E ∞ over P 1 . Let t x : E → E be the translation with respect to a rational point x ∈ E of infinite order. Define the finite map g : E 0 E ∞ → E as the identity on E 0 and as t x on E ∞ . By Ferrand [Fer03, 5.4 ], the pushout S of the closed immersion i : E 0 E ∞ ֒→ X along g exists in the category of schemes and fits in cartesian and cocartesian square
Here j is a closed immersion and f is finite with schematically dense image. It follows that S is an integral, proper surface with normalization f .
Let us see that S is not divisorial by way of contradiction. Assume that for a given point y ∈ E ⊂ S there exists an effective Cartier divisor C ⊂ S with y / ∈ C and S − C affine. Then C ∩ E is non-empty and 0-dimensional. It follows that the line bundle L := O S (C)| E has positive degree and hence is ample. Now the natural iso-
But then x must have finite order by the theory of abelian varieties [Mum70, p. 60, Application 1], contradicting the choice of x.
As a consequence of the existence of thick quasiprojective open neighborhoods we obtain resolutions by coherent sheaves that are invertible outside a closed subset of codimension ≥ 2 by extending coherent sheaves beyond dense affine open subsets.
(1.9) Proposition. Let X be a separated scheme that is of finite type over A. Then for every x ∈ X there exists a coherent sheaf F with the following properties:
(i) For every coherent sheaf M and every m ≫ 0 there exists a map
for some n ∈ N which is surjective near x ∈ X.
(ii) There exists a thick quasiprojective neighborhood
Proof. By Theorem 1.6 there exists a thick neighborhood x ∈ V ⊂ X that is quasiprojective over A. Let f :
It follows that (ii) and (iii) are satisfied.
In order to prove (i) let M be an arbitrary coherent sheaf on X. Then every surjection O ⊕n U ։ M| U extends to a map (I m ) ⊕n → M for all m ≫ 0 [EGA I 2nd , I.6.9.17]. Using that the maps ϕ ⊗m : F ⊗m → I ⊗m and I ⊗m ։ I m are surjective near x, we infer that the same holds for the composition
(1.10) Definition. We call coherent sheaf F almost anti-ample (near x ∈ X) if it satisfies properties 1.9.
(i)-(iii).
In case that X has dimension 2, an almost anti-ample sheaf is invertible outside finitely many points of codimension 2.
Gluing resolutions
In this section we formulate conditions that are sufficient for the existence of locally free resolutions of coherent sheaves which are locally free away from finitely many closed points of codimension 2.
We pursue the strategy of constructing surjections ϕ : E ։ M with predefined kernel S, the first syzygy of ϕ, generalizing the methods of Schröer and Vezzosi [SV04] . Such a map ϕ is determined by an extension class γ ∈ Ext 1 (M, S) up to isomorphism of E over M. Instead of gluing morphisms one glues extension classes. This is controlled by the exact sequence
which can be read off the local to global spectral sequence for Ext. Here the map ℓ maps a class [e] represented by an extension e : 0 → S → E → M → 0 to a global section ℓ(e) whose stalk ℓ(e) x at x ∈ X is given by the class of the localized
If M is locally free outside finitely many closed points Z ⊂ X, the local extensions of M by S appear in a simple form. In fact, there is a canonical isomor- S) ). This enables us to choose elements of Ext
We will use a more convenient formulation of the obstruction space for gluing local resolutions of M by S. Note that Hom(M, O X ) and Hom(M, S) are isomorphic over the open subset where M is locally free. In general, they are not isomorphic everywhere since the tensor product may have torsion sections. Nevertheless, if M is locally free up to finitely many closed points, we deduce from the succeeding Lemma 2.1 the isomorphism on the top cohomology
Analogously, the obstruction space does not change up to isomorphism if S is modified over finitely many closed points.
(2.1) Lemma. Let X be a noetherian scheme and F , F ′ be coherent sheaves that are isomorphic outside a closed subscheme Z ⊂ X. Then for all i ∈ N with
Proof. If there exists a map u : F → F ′ that is an isomorphism on X − Z then the support of ker u and coker u has dimension ≤ d. So the assertion follows by taking cohomology of the two exact sequences
In general, there just exists an isomorphism
But this extends to a morphism ϕ : IF → F ′ for some ideal I ⊂ O X defining some subscheme structure on Z using that X is noetherian [EGA I 2nd , I.6.9.17]. Then ϕ as well as the inclusion IF ֒→ F are isomorphisms over X − Z. So the assertion follows by the previous case.
One difficulty for gluing local resolutions is to guess the choice of the right syzygy sheaf S and to solve the problem that the obstruction o ∈ H 2 (Hom(M, S)) depends on both sheaves M and S. We divide the construction of a locally free resolution of M in two steps, where we can specify the first syzygy sheaf and dissolve this dependency. For that we have to consider the local picture first.
Local resolutions. Let (R, m) be a noetherian local ring and define X := Spec R, U := X − {m}. By abuse of notation we identify coherent O X -modules with their R-modules of global sections.
Let M be an R-module of finite type that is locally free of constant rank on U . Then for every free resolution ϕ : R ⊕n ։ M the first syzygy module S := ker ϕ is locally free on U and satisfies det S| U ≃ det M ∨ | U . In particular, if S has generically rank 1, then S| U ≃ det S| U is determined by M , uniquely up to isomorphism.
In general, S has higher rank, but we shall see that it is possible to choose a free submodule such that its quotient has rank 1 and is locally free on U . In [SV04, Theorem 2.1] this was accomplished by invoking the Bourbaki Lemma [Bou65, p. 76]. It says that for a normal noetherian ring, every torsion-free module of rank r has a free submodule of rank r − 1 such that its quotient is isomorphic to an ideal, hence has rank 1.
Since we work over arbitrary noetherian rings, we need an appropriate generalization for non-reduced rings (see [BV75] for torsion-free modules).
Assume r ≥ k + 1. Let x 1 , . . . , x s be a choice of generators of M , s ≥ r. If p ⊂ R is a prime ideal of height less or equal to k, then w := min(s, k − ht p + 1) ≤ k + 1, thus µ(M p ) − w ≥ r − (k + 1) ≥ 0, and we conclude that x 1 , . . . , x s are basic up to height k. Hence, by [EG85, Theorem 2.3], there is a one element set {y} which is basic up to height k and induces a short exact sequence
Then for prime ideals p ⊂ R with ht p ≤ k the localizations
give rise to exact sequences
By choice of y holds µ(M/Ry) p ≤ µ(M ) p − min{1, k − ht p + 1} = r − 1 and we infer that R p y ⊗ R k(p) is nonzero. Thus, y may serve as part of a basis for the free module M p and we conclude that (M/Ry) p is free of rank r − 1 ≥ k. By induction there is a free submodule
′ is free of rank k at all primes of height ≤ k. Pulling back the short exact sequence (2.2.1) along the inclusion F ′ ֒→ M/Ry gives a submodule F ⊂ M that is an extension of F ′ by Ry, thus free of rank r − k, and satisfies
Using the modified Bourbaki Lemma, we conclude that for a 2-dimensional noetherian local ring, every free resolution of an R-module of finite type breaks up as follows.
(2.3) Proposition. Let (R, m) be a noetherian local ring of dimension 2 and U = Spec R − {m}. Then for every finitely generated R-module M that is locally free of rank r ≥ 1 on U there exists an exact diagram of finitely generated R-modules that are locally free of constant rank on U such that L| U ≃ det M ∨ | U and n ≥ 0: 0
Proof. Every choice of a generating set for M gives rise to a short exact sequence
such that S is locally free in codimension ≤ 1 of rank n − r. So from Lemma 2.2 we obtain a short exact sequence
such that L is locally free in codimension ≤ 1 of rank 1. Finally, the pushout of the first exact sequence by p gives the desired commutative diagram.
The upshot of the previous proposition is that the surjection ψ decomposes as two surjections ψ = ψ 1 • ψ 2 , such that ker ψ 2 is free and ker ψ 1 is a coherent extension of det M ∨ | U . Here, the module N is not free in general, but has projective dimension ≤ 1.
(2.4) Definition. Let X be a noetherian scheme. We say that a coherent O Xmodule N has property F k , or is free in codimension ≤ k if N x is free for all x ∈ X with dim O X,x ≤ k and if pd(N x ) ≤ 1 otherwise.
(2.5) Remark. If X is a 2-dimensional Cohen-Macaulay scheme then the AuslanderBuchsbaum formula implies that a coherent sheaf satisfies F k if and only if it has locally finite projective dimension and property S k is fulfilled.
Global resolutions. Building on the ideas of Proposition 2.3 we seek to construct a locally free resolution E ։ M by constructing two surjections ψ 1 : N ։ M, ψ 2 : E ։ N , where N satisfies F 1 . These surjections arise as an extension of M by a modification of det M ∨ respectively by an extension of N by a locally free sheaf.
(2.6) Proposition. Let X be a 2-dimensional scheme, and M a coherent sheaf that is locally free of constant rank outside a closed set Z ⊂ X with codim(Z, X) = 2, and denote by F some chosen coherent extension of det M ∨ | X−Z . Then there exists an obstruction o ∈ H 2 (X, Hom(M, F )), whose vanishing is necessary and sufficient for the existence of a short exact sequence of coherent sheaves
Proof. Denote by r the rank of M. By Proposition 2.3 there exists for each z ∈ Z an extension
, and the extension classes glue to a global section γ of
we deduce from the hypothesis and Lemma 2.1 that H 2 (X, Hom(M, L)) ≃ H 2 (X, Hom(M, F )). Thus we can identify the obstruction o(γ) ∈ H 2 (X, Hom(M, L)) for gluing the extensions γ with an element o ∈ H 2 (X, Hom(M, F )). If the obstruction vanishes, we obtain a coherent O X -module N , which satisfies all asserted properties.
We focus next on locally free resolutions of coherent sheaves that satisfy F 1 . If such a resolution exists, then its first syzygy sheaf S is locally free. Conversely, we deduce by a similar argument as in the proof of 2.6 the following existence result about locally free resolutions.
(2.7) Proposition. Let X be a 2-dimensional scheme and M a coherent sheaf satisfying F 1 . Then for every vector bundle S of constant rank there exists an obstruction o ∈ H 2 (X, Hom(M, S ⊕m )) for some m > 0, whose vanishing is necessary and sufficient for the existence of a locally free resolution
So up to cohomological obstructions Proposition 2.7, 2.6 and 1.9 enable us to construct locally free resolutions of coherent sheaves on surfaces.
(2.8) Problem. Proposition 2.7 also holds for noetherian Deligne-Mumford stacks. However, it is not clear to the author if this is true for Proposition 2.6 since its proof depends on the fact that local sections are defined on open subsets and not just onétale neighborhoods.
Cohomologically ample families of coherent sheaves
In this section we shall investigate families of coherent sheaves with a partial cohomological vanishing condition. This enables us to control the cohomological constructions for gluing resolutions later on in the case of surfaces.
(3.1) Definition. Let X be a scheme that is proper over A and let d > 0 be an integer with d ≤ dim(X) − 1. A family of coherent sheaves E n , n ∈ N, is called a (cohomologically) d-ample family if for every coherent sheaf M there exists an n 0 ∈ N such that for all n ≥ n 0 and i
If E is a vector bundle, this cohomological vanishing condition was studied in [Som78] , [Ste98] . For a recent treatment of line bundles we refer to [Tot10] .
We intend to show that the dual of an almost anti-ample sheaf is (dim(X) − 1)-ample (Corollary 3.5) and that (dim(X) − 1)-ampleness is preserved and reflected by alterations (Proposition 3.7). Recall that an alteration is a proper morphism of schemes that is generically finite. We will frequently exploit the fact that d-ampleness does not change if the sheaves of the family in question or if the scheme itself is modified at closed subsets of dimension ≤ d − 1. The following is a direct consequence of Lemma 2.1.
(3.3) Lemma. Let X be a scheme that is proper over A and let E n , E ′ n , n ∈ N be families of coherent sheaves such that for every n ∈ N, E n and E ′ n are isomorphic outside a closed subscheme Z ⊂ X with dim(Z)
Serre's Vanishing Theorem on projective birational models provides plenty of d-ample coherent sheaves:
(3.4) Proposition. Let f : X ′ → X be a morphism of proper A-schemes and suppose that X ′ has an ample line bundle L ′ . Suppose that f is an isomorphism away from a closed subset Z ⊂ X with dim(
Proof. Let M be a coherent sheaf on X and i ≥ d + 1. Then by Lemma 2.1 holds
The latter group vanishes for n ≫ 0 using Grothendieck's spectral sequence and Serre's Vanishing Theorem because L ′ is ample, a fortiori f -ample.
It follows that almost anti-ample coherent sheaves (c.f. Proposition 1.9) satisfy a cohomological vanishing condition for the top cohomology:
(3.5) Corollary. Let X be a scheme of dimension d ≥ 1 that is proper over A. Then for every almost anti-ample coherent sheaf F the dual
Proof. By definition there exists a proper morphism f : X ′ → X which is an isomorphism over a thick open subset V ⊂ X and whose domain carries an ample line bundle
, the assertion follows from Proposition 3.4 and Lemma 3.3.
Concerning pullbacks along finite maps, we will see next that d-ampleness behaves as usual ampleness.
(3.6) Proposition. Let f : X → Y be a finite map of schemes that are proper over A, let E n , n ∈ N, be a family of coherent O Y -modules and d an integer with 0 ≤ d < dim(X).
(ii) Suppose that f is a surjective nilimmersion.
Proof. Let us prove (i) first. Given a coherent O X -module M the projection formula f * M ⊗ E n = f * (M ⊗ f * E n ) holds since f * is exact. Therefore it induces for all i, n ≥ 0 an isomorphism of abelian groups 
which in turn gives rise to an exact sequence
Since I 2 = 0 the O Y -module IM carries the structure of an O Y /I-module so that we may identify the left hand side with
Finally, we show that (dim(X) − 1)-ampleness is preserved and reflected by pullback along alterations.
Proof. By Proposition 3.6(ii) we may assume that Y is reduced, so f has schematically dense image. Applying Stein factorization to f it suffices to consider the case where f is either finite or a Stein morphism.
Case (i): f finite. It suffices to check that the condition is sufficient by Proposition 3.6.(i). Let ϕ : O Y ֒→ f * O X be the natural map and put C := coker ϕ. Since f is generically flat and finitely presented, C is generically locally free. Hence ϕ is generically split injective. Using the identification Hom(f * O X , M) = f * f ! M we conclude that the transpose
Case (ii): f Stein morphism. Let us first verify that the condition is necessary, so let M a given coherent O X -module. Since f is a proper birational map, we know that
as abelian groups by Lemma 3.9. The latter is isomorphic to H d (X, f * M ⊗ E n ) by Lemma 2.1 because f is an isomorphism over all points of codimension ≤ 1. This shows that if (E n ) is (d − 1)-ample, so too is (f * E n ). Let us next show that the condition is sufficient. By case (i) we may assume that Y and X are integral. Denote by A the base ring and let p : Y → S := Spec A be the structure map. By applying Stein factorization to p and replacing A we may assume that p is a Stein morphism. For a given coherent O Y -module M we have to show that the A-module
is zero if its stalk at all closed points vanishes. So we may assume that dim p −1 (s) ≥ d for some closed point s ∈ S by the Theorem on Formal Functions. But then dim p −1 (s) = d and since Y is irreducible it follows that for the generic point η ∈ Y holds p(η) = s. Using that s is is closed and p is proper we infer p(Y ) = s. So S consists of a single point. Since Y is reduced and p is Stein it follows that S is the spectrum of a field. Thus X and Y are algebraic schemes.
It follows that the normalizations of X ′ → X and Y ′ → Y are finite maps. Therefore we may assume that X and Y are normal, proper over a field and that f is birational by case (i). Thus, the assertion follows from the succeeding lemma.
(3.8) Lemma. Let f : Y → X be a birational map of d-dimensional, normal schemes that are proper over a field. Then for every coherent O X -module F there exists a surjection
Proof. By Serre duality there is an isomorphism H d (X, F ) ∨ ≃ Hom(F , ω X ). Since X is normal the dualizing module ω X is torsion-free and generically invertible and the birationality of f implies the injectivity of the natural map
. By adjunction the group on the right is isomorphic to Hom(f 
Existence of positive vector bundles on non-projective surfaces
In this section we construct a 1-ample family of vector bundles E n , n ∈ N, of rank 2 on an arbitrary surface X that is proper over a A (see Theorem 4.5).
Let us first discuss descent conditions of vector bundles for a proper birational map of surfaces. For that we have to introduce some terminology. Let f : X → Y be a proper birational morphism. The closed subscheme B ⊂ Y given by the conductor ideal Ann OY coker(O Y → f * O X ) is called the branching subscheme. The union of all integral 1-dimensional closed subschemes contracted by f is called the exceptional curve E ⊂ X. (ii) There exists an effective Cartier divisor D ⊂ X that is supported on the exceptional curve E ⊂ X such that O E (−D) is ample. Then for every r ∈ N there is an m ∈ N such that for every vector bundle E on X of rank r whose restriction E| mE is trivial, there exists a vector bundle F on Y of rank r with f * F ≃ E.
Proof. Let X (4.2) Lemma. Let L be an ample line bundle on a 1-dimensional scheme X. Then there exists a short exact sequence 
⊕2 is also injective and its cokernel is isomorphic to O cB+A .
(4.3) Lemma. Let X be a 1-dimensional scheme that is proper over A and has an ample line bundle L. Then for every a 0 , b 0 ∈ H 0 (Z, O Z ) where Z ⊂ X is a discrete closed subscheme disjoint from Ass(X), there exist a, b ∈ H 0 (X, L n ) for some n > 0 and a regular section
Proof. By enlarging Z and extending a 0 , b 0 by 1 we may assume that a 0 and b 0 are non-zero at all embedded points and on each irreducible component of X.
Using that L is ample and replacing L with a multiple, there exists a section
implies that for some l > n there is a section t ∈ H 0 (X, L l ) which is non-zero near Y and satisfies t| Z = s ⊗l | Z . It follows that X t ⊂ X is an open neighborhood of Y ∪ Z, hence dense and affine. Now choose a section b
⊗lm | Z which implies (i) for n = klm and s replaced by s ⊗lm . Finally (ii) also holds because
(4.4) Proposition. Let X be a surface that is proper over A, satisfies S 1 and has an ample line bundle L. Then for every Weil divisor Y ⊂ X there exists a vector bundle E on X whose restriction E| Y is trivial and that fits in a short exact sequence
where C ⊂ X is an effective Cartier divisor with O X (C) ≃ L 2n and m > n > 0.
Proof. By enlarging Y we may assume that every irreducible component of X contains some component of Y . Let I Y ⊂ O X be the coherent ideal defining Y ⊂ X and suppose that H 1 (X, I Y ⊗ L a ) = 0 for all a ≥ 1 by replacing L with a suitable multiple.
Replacing L again with a suitable multiple, there is a short exact sequence by Lemma 4.2:
Claim. There exists an effective Cartier divisor C ⊂ X with C ∩ Y = Z and
By assumption on L the right-hand side of the exact sequence
vanishes, so that the section z
. Then z is non-zero at all generic points of X because X z ∩ Y = Y z ′ = Y − Z meets every irreducible component of X by assumption on Y . Since X has no embedded points it follows that z is a regular section, so that C = V (z) is a Cartier divisor satisfying the asserted properties.
The map ϕ is given as (y,
The upshot is that Φ is a surjective map that extends ϕ up to isomorphism of the codomain. Since pd L n | C ≤ 1 it follows that F := ker Φ is a locally free O X -module of rank 2.
In fact, restricting the short exact sequence
Here ψ| Y is injective because F | Y has no sections supported on Z. Therefore F | Y ≃ L −1 | Y using (4.4.3) and E := F ⊗ L is the desired vector bundle.
(4.5) Theorem. Let X be a 2-dimensional scheme that is proper over A. Then there exists a cohomologically 1-ample family of vector bundles E i , i ∈ N, of rank 2.
Proof. Let us first reduce to the case that X is projective over A. By Lemma 4.1 every vector bundle descends along the S 1 -ization X ′ → X. So we may assume that X has no embedded points in light of Proposition 3.7.(ii).
By Theorem 1.6 there exists an open subset V ⊂ X which is quasiprojective over A and V − X consists of finitely many points of codimension 2. Then by Nagata there exists a V -admissible blow up f : Y → X such that Y is projective over A [Con07, 2.6]. Also, Y has no embedded points.
Let us verify the descent conditions of Lemma 4.1 vor f . Clearly, f has 0-dimensional branching subscheme since V is thick. Using that Z is 0-dimensional the inverse image D := f −1 (Z) is supported on the f -exceptional curve E ⊂ Y . By construction of the blow-up the closed subscheme D ⊂ Y is an effective Cartier divisor given by the f -ample invertible inverse image ideal
Thus O E (D) is ample. Then by Lemma 4.1 and Proposition 3.7 there exists an m ∈ N such that every 1-ample family of vector bundles F n , n ∈ N, of rank 2 on Y descends to a 1-ample family vector bundles E n of rank 2 on X, if each restriction
So we may assume that X is projective over A if we additionally show that the family E n , n ∈ N, is trivial on a given Weil divisor Y ⊂ X. Choose an ample O X -module L. By Proposition 4.4 there exists for every n ∈ N a vector bundle E n whose restriction E n | Y is trivial and that fits in a short exact sequence
for some Cartier divisor C ⊂ X and integers b n > a n > n. Given a coherent O X -module M, applying · ⊗ M results in an exact sequence
for some coherent O X -module N i supported on C. Taking the associates long exact cohomology sequences gives two exact sequences
Using that L is ample, we conclude that H 2 (Y, im ϕ n ) vanishes for n ≫ 0. But H 2 (Y, N n ) is also zero because the support of N n has dimension ≤ 1. This shows that E n , n ∈ N, is a cohomologically 1-ample family of vector bundles of rank 2.
Proof of the resolution property for surfaces
Let us finally collect the preceding results to prove the resolution property for proper surfaces.
(5.1) Theorem. Every 2-dimensional scheme that is proper over A satisfies the resolution property.
Proof. Let M be a coherent sheaf and x ∈ X an arbitrary point. By Proposition 1.9 there exists a coherent sheaf F that is almost anti-ample near x. In particular, for every m ≫ 0 there exists a map (F ⊗m ) ⊕n → M for some n ∈ N that is surjective near x. Therefore it suffices to find a locally free resolution for every F ⊗m and every m ≫ 0 because X is quasicompact.
By definition, F is invertible outside finitely many points of codimension 2. So by Proposition 2.6 for every m ≫ 0 there exists a surjection G → F ⊗m , such that G satisfies F 1 because H 2 (X, Hom(F ⊗m , (F ∨ ) ⊗m )) ≃ H 2 (X, (F ∨ ) ⊗2m ) (Lemma 2.1) vanishes using that F ∨ is 1-ample by Corollary 3.5. By Theorem 4.5 there exists a 1-ample family (E n ), n ∈ N, of vector bundles of rank 2. This implies H 2 (X, Hom(G, E n )) ≃ H 2 (X, G ∨ ⊗ E n ) = 0 for n ≫ 0. Consequently G admits a surjection H ։ G by a vector bundle H in light of Proposition 2.7.
Since the resolution property descends along immersions, it holds for all 2-dimensional schemes X that are embeddable into 2-dimensional schemes which are proper over a noetherian base ring.
(5.2) Corollary. Suppose that A is a noetherian, universally catenary Jacobson ring such that each irreducible component of Spec A is equicodimensional (for example, if A = Z or if A is a field). Then every 2-dimensional scheme that is separated and of finite type over A satisfies the resolution property.
Proof. Since X is separated and of finite type over a noetherian ring, there exists a proper A-scheme X together with an open immersion X ֒→ X which identifies X as a dense open subscheme of X by Nagata's embedding Theorem [Con07, 4.1]. The assumptions on A guarantee that dim(X) = dim(X) = 2 since X is of finite type over A [EGA IV 3 , 10.6.2]. So Theorem 5.1 implies that X and hence X has the resolution property.
(5.3) Remark. In the first section we extended the resolution property from a given dense affine open subset U 0 ⊂ X to a thick open subset U 0 ⊂ U 1 ⊂ X, i.e. we added all points of codimension 1. The results of Section 2 can be adapted to formulate conditions to extend the resolution property to an open subset U 1 ⊂ U 2 ⊂ X that contains all points of codimension 2 and the cohomological obstructions lie then in 2 nd cohomology groups of coherent O U2 -modules. With a similar argument as in the end of the proof of Theorem 1.6 one can arrange that U 2 has cohomological dimension ≤ 2. We believe that U 2 then already satisfies the resolution property up to a closed subset Z ∈ X − U 1 of codimension ≥ 3. For technical reasons we assumed that X is 2-dimensional and proper over a noetherian ring, so that U 2 = X is proper which allows to control the cohomological obstructions.
